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ABSTRACT 

Applications, assumptions and properties of 
the maximum entropy principle ate discussed. The 
maximum entropy principle integrates prior esti- 
matea of relevance with the observed distribution 
of term combinations. The result may be a reorder- 
ing of the segments of a database, compared to a 
naive estimate. Numerical examples obtained by 
solution of the non-linear equations for the dual 
variables are presented and discussed. 

* Supported in part by the National Science 
Foundation under grant IST-8318630. 

BACRCROUND 

It is hardly necessary to state the impor- 
tance of information retrieval. Whether for re- 
search, business or military purposes, the speedy 
and accurate retrieval of relevant information can 
mean the difference between success and failure. 
Information retrieval (IR) as a discipline has been 
primarily developed for the storage and retrieval 
of text materials. In the early days, it was easy 
to scoff at the emphasis given by research to the 
specific textual content of a document. [CALVBll 
However, with the onslaught of digital electronic 
storage of documents, it becomes clear that this 
emphasis was prophetic. All of the familiar clues 
-- size, shape. location within an office or a file 
cabinet and so forth are being taken away from us. 
Our ability to retrieve information quickly and 
accurately hinges on our ability to describe the 
items to be retrieved in terms of their textual 
content (and perhaps a few dozen additional 
descriptors). 

The general outlines of term description of 
documents are given in Salton’s monograph [Salt83]. 
Other kinds of application are becoming 
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iacreasingly important. An example of non text 
information retrieval is provided by a network of 
weather observation stations. Each station com- 
piles an extensive file of data on wind direction 
and speed, barometric pressure, precipitation and 
other meteorological data. It reports, to a cen- 
tral coordinating agency or computer, only a few 
suaxnary statistics. These may be thought of as 
abstracts, or “key terms” describing the full file 
of information available at the weather station. 

If the problem of weather prediction is to be 
handled in real time, it appears essential for the 
central agency or computer to be.able to determine, 
from those abstracts, which detailed reports are 
essential to resolve ambiguities in short and.me- 
dium range forecasting. The problem of coordina- 
ting the enormous quantity of available data ir not 
likely to be solved by building a computer that can 
digest al1 of it at once. It is much more likely 
to be solved by a disaggregated scheme in which the 
central computer knows how to process abstracts, 
and has effective rules fot determining when to re- 
quest the “full document” from a reporting station. 

The same hierarchical structure is present, 
with much more stringent real time constraints, in 
the design of a national defense system. Such a 
system, as. presently conceived, would integrate 
vast quantities of data from observation stations, 
to estimate whether or not a threat is present, and 
if so to take appropriate responsive action. 
Again, it seems unlikely that this problem will be 
solved by simultaneous processing of all the avail- 
able data. A much more likely solution path is the 
development of one or several centralized units, 
each capable of evaluating abstracts in real time 
and requesting appropriate further information. 

What may also mention an intriguing relation 
to the field of expert systems (ES), and its more 
all-encompassing cousin, artificial intelligence 
(AI). It is widely recognized that both ES and AI 
have much to contribute to the area of document 
retrieval (GUIIXW. Expert systems can handle the 
complexity of dealing with a variety of databases 
and retrieval languages, once a query is caot into 
some standard “search language”. Artificial intel- 
ligence, in its turn, can work to process natural 
language input, to reduce an unsophisticated ex- 
pression of information need to a suitable standard 
form. What is.less widely recognized is that in- 
formation retrievaf itself has much to contribute 
to both ES and AI. 
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Information retrieval is important in ES and 
AI becauac any nontrivial expert system, or intcl- 
ligcnt prograu, muat process new information or 
queries in terms of a substantial base of facts and 
rules. Por all but the simplest queries, repeated 
scanning of the base of facts and rules can consume 
an enorwua amount of time. If, on the other hand, 
the central processor is able to retrieve those 
facts and rules Puat likely to contribute to rea- 
olutioa of the query, the whole process will be 
enormously speeded. An initial acceleration can be 
atihieved simply by a thorough inverted indexing of 
the base of facts and rules. However, the term 
indexing, by the logical equivalent of “document 
descriptors” is likely to offer substantial 
improvements. 

In the present report, no specific appli- 
cation is made of the techniques discussed, but 
their general properties and their relation to some 
previous schemes is explored. 

TtIR nAxIl4lm KBTEOPY PRIIICIPLE 

COOPER [COOP831 and COOPER and RDIZIWGA 
[CCICPSZ] have proposed that the maxiaum entropy 
principle can serve as a powerful tool to improve 
retrieval of information. The maximum entropy 
principle was proposed, as a means for unifying a 
number of physical problems, by JAYNES [JAyNS71. 
Independently, GOOD [GGCD63] develop maximum 
entropy as a technique for generalizing the notion 
of a “null hypothesis” from two dimensional 
contingency tables, to higher dimensional problems. 

.An extensive discussion on the justification of 
maximum entropy methods in engineering has been 
given by JATRES[JATRS2]. A technical discussion of 
the formulation of the maximum entropy problem for 
information retrieval, has been given by RANTOR 
tlCAIiT841. The present paper builds upon that 
reference, to which the reader is referred for more 
technical details. 

The application of the maxiwm entropy prin- 
ciple to information retrieval has a good deal in 
c-n with Good’s formulation. The entire set of 
“document 8” (we shalL use the term “documents” to 
refer in general to any retrievable report or item 
that might contain further informutioa relevant to 
the problem at hand.) consirt of items to which any 
of .a nuatber of descriptors may apply. If there 
are, say, 24 descriptors, one might try to repre- 
sent this as a 24 dimensional contingency array. 
The number in each cell of this array would repre- 
sent the number of documents having a particular 
combination of descriptions. We want to estimate 
the “relevance” of the documents in a given cell. 
This could be expressed by adding one wre diwn- 
aion to the contingency table. In order to express 
our results on paper, we resort to a two dimamaion- 
al contingency table in which the rows represent 
all the cells of the very high dimensional table, 
and the columns represent the possible degrees of 
relevance. We call this the Grand Contingency 
Tab le. 

In the airplieat case. the descriptor terms 
are given an order, fixed once and for all. The 
rows can then be labeled by a string of 0’0 and l’s 
indicating the absence or appearance of the term in 
the documant. The row are easily arranged lexico- 
graphically. In a more general formulation, the 

eleaients of the document vector could be integers 
greater than one, representing for example the 
number of times that a term appears in a document. 
The principle of formulating a two dimensional con- 
tingency table still applies. Descriptions could 
be even wre general, such as “appears related to a 
document with description D”. Such descriptions 
are likely to occur in the relevancy feedback mod- 
els described by Salton. Although there might be 
some difficulty in defining a unique order for the 
rows of the table, this generalization also does 
not conflict with the essential two dimeosionality 
of the problem. 

The columns, as stated, correspond to varying 
possible degrees of relevance. In the remainder of 
this paper we shall make the classical assumption 
that the degree of relevance is either 0 or 1. 
However, we shall speak of the “expected relevance” 
of a document drawn from the set described by a 
particular row. This “expected relevance” is sim- 
ply the number of relevant documents in that set 
divided by the total number of documents in that 
set. The notion of expected relevance can be 
easily generalized to a case where relevance 
assumes several discrete values, and even to the 
case where it may be continuously distributed 
between 0 and 1. 

Stated in its simplest terms, the maximm 
entropy principle makes the following assertions: 

(1) The distribution of documents into the 
rows of this table is given by the database. It is 
a fact, not open to speculation, and this distribu- 
tion need not obey any specific assumptions. 

(2) Some prior information on the expected 
distribution of relevant documents in this large 
table is available to us. In the moat natural 
case, which will be used throughout this discus- 
sion, this information is given in terms of the 
probability that an item characterized by an indiv- 
idual descriptor ( Dj 1 will be relevant. (It ir 
coanaon in retrieval systems to form the Boolean 
union of several terms expected to be nearly synon- 
pOU8. This does not provide an essential compli- 
cation as, in what follows, the word “descriptor” 
can also be interpreted to wan “union of closely 
related descriptors.“) 

(3) Finally, the relevant and non-relevant 
documents are assumed to be distributed, within 
this grand contingency table, as randomly as poa- 
sible subject to the constraints of (1) and (2). 

A constraint of the type (21 tells something 
not about a single row of the grand contingency 
table, but about half of the rows together -- that 
half to which the description ( 03 1 applies. Of 
course, the goal of an efficient retrieval system 
is to estimate which of’the specific rows have the 
highest expected relevance. 

As JAYNES and GOOD and KHINCHIN [KliIN67] have 
shorn. the only defensible definition of the phrase 
“as randomly as possible” is “the distribution 
having the largest entropy.” 

The entropy function is defined up to s 
multiplicative constant by equation 1. 
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Eq. 1 s(+p*‘...p* pJ = - . cpi s?z pi 

i 

The choice of the base of Logarithms is 
arbitrary, and for optimization analysis, it is 
most convenient to use Logarithms to the base 

The resulting constrained,optimixation 
problem is to maximize the entropy function subject 
to a set of limited constraints of the form given 
in equation 2. 

Eq. 2 c n (RJ v (RI 
RizR(IJ 

The terms in this 
follows : 

R Z&e28 rows. 

equation are defined as 

R400000. ., 10000.. ., 
. . .J 111111.. .) 

I labels constraints I = 2, . . . k 
R(I) = R such that constraint I applies to R 

VI = expected mZevance as in amwnption 
(3) 

v(R) = eqected reZevaace of row R 

Eq. 3 

It can be shown (Kantor 1984) that if this 
problem has a solution, the solution may be ex- 
pressed in terms of a set of Lagrange multipliers 
hl...,.Q( , vhere k is the number of 
constraints provided. It is further shown that the 
richness of any row is given by Equation 4. 

In this equation the set C(R) is defined as 
in equation 5, and the universal value function v 
is defined as in equation 6. 

Eq. 5 CfRJ = {I such that I oonetminS RI 

Eq. 6 v(x) = ex/WexJ 

The particular form of the function 
is determined by our assumption that relevance 
assumes only the values 0 and 1. For a more 
general discussions see [KART~~I. 

When Equation 4 is inserted into Equation 
2, a set of coupled equations results. The 
number of these equations is equal to the number 
of independent constraints that have been pro- 
vided. The equations are given in Equation 7 

Eq.7 

c n(RJv( CQJ = Vr c n(R) 
RERCIJ 

&C(R) R&II 

These equations are non-Linear, and do not 
alvays have a real solution. When they do have 
a solution, the values of 
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by the constraint values Fr , AND the actual 
distribution of items among the rows of the 
grand contingency table {n(R)} The addi- 
tional dependence on the actual distribution can 
produce surprising and significant results. In 
the remainder of this paper, to keep the diecus- 
sion within bounds, we will consider only the 
case of two descriptive terms. 

RELATIORSRIP TO TBRW INDEPENDENCE 

Suppose we know a partial table giving the 
distribution of relevant and non-relevant items 
in a very small data base. The numbers are as 
shown in Table 1. 

Table 1. A hypothetical distribution 
Row(R) n(R) not-Rel Rel z(R) 
-_____----____--___----------------------- 

00 84 72 12 12:72 
LO 46 18 28 28:18 
01 26 8 18 18:8 
11 

In each row we show the total number of 
documents having the corresponding.deacription, 
the number that are not relevant, the number 
that are relevant, and the odds ratio for rel- 
evance as apposed to not-relevance. For exam- 
ple, for items described by the first descriptor 
alone the odds ratio is 28 to 18. With refer- 
ence to Equation 4 we see that the Logarithm of 
the odds ratio is related to the Lagrange multi- 
pliers as shown in Equation 8. 

Eq. 8 Ina(RJ = C AI 

IECYRJ 

The last row of this table has been left 
empty so that we may easily contrast the concept 
of binary term independence vith two formu- 
lations of the Maximum Entropy principle 

The principle of binary independence requires 
that the Last rov be as shown in Table 2. 

Table 2. The completion under Binary 
Independence 

Row (R) n(R) not-Rel Rel z(R) 
---_---------_------------------------------- 

11 44 2 42 42:2 

The odds ratio for the appearence of both 
terms is the “natural” comb’ination of the odds 
ratios for the three preceding terms as shorn in 
Equat ion 9. 



Eq. 9 a(ll) = a(lO)afO1)/~fOO) NOW DOES 4LL TRIS COkiR ABOUT7 

This equation states that addition of either 
term enhances the other in the same way that pre- 
sence of the added term in an enhancement compared 
to the absence of either term. This result is 
plausible, and deserves to be preserved. 

On the.other hand, the binary independence 
model has also insisted that there be exactly 44 
elements in the row 11. This insistence may or may 
not be a true description of the data base, and 
violates principle (11 of the maxiraum entropy for- 
mulation. It is not hard to see that in the exten- 
tion to three or more descriptors the degree to 
which the problem is overconstrained increases 
rapidly. 

TWO FORUWLATIORS OF TRS MAXIMlM RRTROPY PRIRCIPLR 

The maximum entropy principle may be applied 
to this problem in two different ways. In one way 
no prior assumption is made about the fraction of 
items (in the entire data base) that are relevant 
to the problem at hand. The resulting final row is 
ahown in Table 3. 

Table 3. Completion By the Minimal WP,P 

Row (it) n(R) not-Rel Rel r(R) 
11 -Be m-w --- 28:8 

The odds ratio is substantially lower than in the 
binary independence model, but on the other hand no 
constraint is placed on the total number of items 
in this row. 

A second formulation (which is the form first 
given by Cooper) supposes that there is some prior 
estimste of the probability that any item in the 
data base will be relevant. In this case the final 
row is as shown in Table 4. 

Table 4. Single constraint added to the lfP.P 
------------------------------------------- 
Row (R) n(R) not-Be1 Rel s(R) 
11 s-w s-m IS 42:2 

Note that the number of elements in the row 
again remains unconstrained, but the attractive 
rule for combination of odds ratios is preserved 
from the binary independence model. Thus, the 
transition to the maxiana entrow principle, in 
this case loses nothing, except the 
unreasonable constraint that the total number of 
items described by both terms together be 44. 

It should be noted that recent work by 
SARACBVIC and RARTOR (1986) (unpublished) pro- 
vides a data base of some 6,000 retrieved items 
of known relevance for a variety of realistic 
reoeatch problems. Thus it is possible to test 
the odds ratios predicted by either of the aax- 
imum entropy models, and the distributioa p+e- 
diction of the binary independence model, 
against a substantial. set of real data. 

The expression given as Equation 7 m8y be 
specialized to the two cases described above. In 
the case where there is no overall constraint on 
the items in the data base, there are two unknown 
multipliers and two coupled equations (Equation 
10). 

Eq. IOa ntlOlvlX~l*n~lllv~Xl+hZI = 
Vl~n~lOhn~ll~ 

Eq. lob nfOllvfAZI*nflllVfXl+XZ) = 

V2[n(Olhn(ll)l 

When there is also a constraint on the ex- 
pected relevaace of a document chosen entirely at 
random, thete is one additional Lagrange multiplier 

xO 
, and correspondingly an additional equation. 

Eq. lla nflO)vfXo+hll+nflllv(hg+hl+A~~ = 

vl~cloh~llq 
Eq. llb n(Ollv(Xo+hZ)+n~ll~v(~+Xl+XZ~ = 

vz ~~Olhtll~ 

It is important to realize that the prior 
;;:iy~p;t~rVr Vg represent "naive" eatimetes. 

v lu s of the Lagrange multipliers 

kWQ 
are what determine the odds of relevance. 

ra sformation between them is not nimple. It 
depends in an essential way on the actual distri- 
bution of terms among items (or in a language more 
natural to our Grand Contingency Table, the distri- 
bution of items among term combinations.) This 
dependence is not surprijiug, since one key aoti- 
vation for the maximum entropy principle is to use 
the information provided by the given distribution 
of terms. 

The equations need not always have solutions. 
If the row sires are as given in Rquation 12 

Eq. 12 
nfl0) = 10 
n(01) = 10 
n(lll = 80 

then the initial conditions V@OX; VplOR 
are impossible. The first of these conditions 
requires that 71 of the 80 in n(l1) be relevant. 
The second condition requires that 71 of those 
same items be not relevant. 

Any neutral point at which all of the naive 
estimates are equal can always be solved. We use 
the neutral point with each estimate equal to 0.5 
(the "vapid point") as the starting point in more 
difficult problems with higher dimensionality. 
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An example of the impact of the in(~)} 
in changing the rank order of the Lagrange multi- 
pliers is giveo in Table 5 

We have not found an intuitive characteri- 
zation of the permutations that occur. At this 
point it appears that any reordering of the naive 
estimates of relevance ie possible in a suitably 
distributed data base. 

SIUULTANRITY VS PATRWISB ANALYSIS 

The shortcomings of term independeoce have 
been known for 8ome time. [CHEES831, [~ug31). The 
problem can be attacked by a pathwise approach to 
term combinations. These approaches can become 
quite complicated. They bear some similarity to 
the stepwise regression techniques ueed in linear 
modeling. Extending the same analogy, the maximum 
entropy approach is Like multiple regression in 
that it deals with all of the information simul- 
taneously. It would seem, whenever it can be im- 
plemented, that this principle is to be prefered. 

Using avsilable state of the art optimization 
programs (not to maximize the entropy, but to solve 
the coupled nonlinear equations) we have been able 
to handle solveable problems with 5 independent 
constraints in times of the order of 10 seconds, 
running on an IBM-PC compatible micro computer with 
an 0087 math chip, at a low clock speed. 

TWO IMTERPBBTATIOlW OF “PUZZINRSS” OR “WRIGRT” 

10 Equation 11 we may introduce “weight” 
parameters in two different ways. Both of these 
arise from reinterpreting the incidence matrix 
defioing the relationship between constrainte and 
rows. This incidence matrix is shown as Table 6. 

Table G: The incidence matrix 
1 2 0 

00 
10 r J I 01 11 J 

A weight cao be introduced into this matrix by 
interpretting each check mark aa a 1 and chaogiog 
one or more of the check marks to numbers less than 
1. This ia shown in Table 7. 

Table 7: Weighted iocidence 

1 2 0 
00 I 1 
LO g 1 
01 

I 

1 1 
11 1 1 1 

Eq. 13. gn~10)v~Xo+Xll+n~ll)v~Xo+hl+~2~ = 

v1 [gni10)4n(11~ 

Another possible interpretation, which sp- 
pears not to be equivalent to the first is shown in 
Equation 14. 

Vl n(lObnCll) 
i- 

Eq. 14. 
I 

Conceivably, two independent weight para- 
meter8 g,h could be introduced simultaneously 
as in Equation 15. 

Eq. 15. v1 [g?tfloh?am~ 

The implications of this concept remain to be 
explored. 

GRNRRALIRATION TO CGNTINUGUS VALUE. 

If value is not assumed to take only the 
values 0 and 1 but can assume several value.9 in the 
unit interval, the effect is to build up a condi- 
tional entropy maximization problem. This is 
equivalent to a minimum cross-entropy model, with a 
prior distribution corresponding to l/n at each of 
n allowed points in the unit interval. IO this 
Langusge, our present model has a Bayesian prior 
distribution (0.5, 0.5). 

An accumulation of points can be used to ap- 
proach a continuous distribution. In another point 
of view, the value may be assumed to vary contin- 
uously in the unit interval, with a uniform prior 
distribution. Thir case haa been considered by 
RANTOR [RANTSLI. The structure ir essentially the 
same, and leads to Equation 7. However the defi- 
nition of the universal value -function ir- changed, 
to the Langevin function, Equation 16. The 
Langevin function is known from classicrl sta- 
tistical mechanics. 

Rq. 16. VW = 0.5 4 0.5 
t 

00th A- l/A 
I 

In this model, which is a more realistic way 
to consider relevance, the odds ratio will not be 
simply multiplicstive. The full implications of 
this model have not yet been explored. 

In worde, thie transformation may be expressed 
am “we are oot so sure about the relevance of term 
1 when it occurs alone without tern 2”. The modi- 
ficationa effect only Equation lla, which then 
takes the form rhown in Equation 13. 
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Table 5. Example8 of the change in ordering of intersection aeta, induced by change8 in the com- 
position of the data base. Thia example ia for three distinct tarma, labaled A,B,C. The entire 
data baae is refered to 88 R. Thus Vl-O;lr VZ- 0.2~ V3- 0.2 and VO-0.5 in the firat example. In 
tha laat 8 oolumna the Boolean atom8 ara ahown in order of increasing richacaa. 

V(A) - 0.100 V(B) - 0.200 V(C) = 0.200 V(R) - 0.500 

n<OOO) a( C) n( 8) a( BC) n( A) a( AC) n( AE) n(ABC) ORJ F. RANR 
0.50 0.10 0.10 0.05 0.10 0.05 0.05 0.05 0.0000 ABC AC AB BC C B 000 
o.so 0.05 0.05 0.10 0.05 0.10 0.10 0.05 0.0000 ABC AC AB A 4 C B 000 
0.30 0.10 0.10 0.10 0.10 0.10 0.10 0.10 .O.OOOO ARC AB AC BC A B c 000 
0.30 0.05 0.05 0.10 0.05 0.10 0.1.0 0.25 0.0000 ABC AB AC BC A B c 000 
0.10 0.10 0.10 0.20 0.20 0.10 0.1.0 0.10 0.0090 ABC AB AC BC A B c 000 
0.10 0.10 0.05 0.30 0.30 0.05 0.05 0.05 0.0145 ABC AB AC BC A B c 000 

V(A) - 0.600 V(B) - 0.800 V(C) = 0.500 V(H) = 0.100 

n(000) n( C) ntO f; n< BC) n( A) n( AC) nf AN n(ABC) OBJ F. RANK 
0.50 0.10 
0.50 0.05 0:os 

0.05 0.10 0.05 0.05 0.05 0.0079 000 C A B AC BC AB ABC 
0.10 0.05 0.10 O..LO 0.05 0.0147 000 C A 3 AC BC AEAEU! 

0.30 0.10 0.10 0.10 0.10 0.10 0. LO 0.10 0.0310 000 c A AC B BC ABABC 
0.30 0.05 0.05 0.10 0.05 0.10 0.10 0.25 0.0467 000 C A 8 AC BC AB ABC 
0.10 0.10 0.10 0.20 0.20 0.10 0.10 0.10 0.0617 000 C A AC BBCABABC 
0.10 0.10 0.05 0.30 0.30 0.05 0.05 0.05 0.0660 000 c A AC BBCABABC 

V(A) - 0.300 V(B) = 0.500 V(C) - 0.400 V(R) - 0.600 

n(OOOi a< C) a( 8) n( BC) a( A) a( AC) n( AB) n(ABC) OBJ F. RAUR 
0.50 0.10 0.10 0.05 0.10 0.05 0.05 0.05 0.0000 ABC AC AB A BC C B 000 
0.50 0.10 0.05 0.10 0.10 0.05 0.0000 AC ABC A AB C BC 000 B 
0.30 0.10 0.10 0.10 0.10 0.10 0.0000 ABC AC AB A RC C B 000 
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