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THEORETICAL FOUNDATION FOR A 
LEARNING RATE BUDGET* 

PAUL B. KANTOR AND WILLARD I. ZANGWILL 
Tantalus, Inc., 3257 Oinond Road, Cleveland, Ohio 44118 

Graduate School of Business, University of Chicago, Chicago, Illinois 60637 

A conceptualization of production learning is proposed, which resolves costs into groups char- 
acterized by the rate at which the costs can be reduced. These groups may correspond to learning 
in process, materials or technology. This approach suggests a new budget methodology, the Learning 
Rate Budget (LRB), which combines activities with similar learning rates to facilitate planning, 
forecasting, bidding, accountability, and management control. This new conceptualization of cost 
progress rests on three postulates concerning the budget, the technology and a finite basis for the 
learning curve. This paper explores these postulates, presents the LRB, and summarizes the em- 
pirical study that led to this concept. 
(LEARNING CURVE; COST PROGRESS; NONLINEAR REGRESSION; COST ACCOUNT- 
ING; COMPETITIVENESS) 

1. Introduction 

Conventional budgeting follows either a line or a program format. A line item budget 
specifies input costs such as labor and materials, or service costs. A program budget 
allocates these input costs to outputs. It breaks the cost of any program (the output) 
down to its inputs such as labor or material. This paper proposes adding to these con- 
ventional budgetary analyses a third dimension-time-and specifically the cost reduc- 
tion, over time, due to learning. 

It has long been known that over time, the cost of doing a repetitive operation decreases 
due to learning or experience. The cost progress curve (CPC), also called the learning 
or experience curve, dates to at least 1920, with the first publication by Wright in 1936. 
Since then hundreds of studies have used this concept (Dutton and Thomas 1982; Dutton, 
Thomas and Butler 1984). The fundamental claim of any of these models for learning 
is that a few unchanging parameters describe the entire cost series. 

Let C(Q) be the cost of the Qth item made and C0 be the cost of the first item. Then 
for a learning parameter k, the CPC is often taken to be a power law as shown in Equation 
(1.1). (Informally, this is sometimes referred to as "the exponential form." We shall 
reserve the term "exponential" for functions of the form shown in Equation (3.1).) 

C(Q) = CoQk. (1.1) 

Development of the CPC has been hampered by three factors: 
(A) It is empirically based and lacks a theoretical underpinning which would help 

extend and advance it. 
(B) Attempts at studying it have been largely economic and econometric, searching 

for external factors that influence learning such as economies of scale, labor inputs, 
capital intensity and so on. These approaches have generally not probed the underlying 
manufacturing aspects of process and technology where the learning actually takes place. 

(C) The power law ( 1. 1) does not add up costs properly. That is, the model cannot 
remain form-invariant under aggregation of costs. This is a serious limitation for budget 
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or cost analyses, as it prevents managers from clearly separating costs that fall rapidly 
from costs that hold constant with experience. 

The learning rate budget (LRB) herein proposed attempts to overcome some of these 
problems by analyzing the manufacturing process in detail. A system has many com- 
ponents. The learning for each component is driven by the methods and technologies 
used in that component. Adding the learning or cost improvement for all the components 
gives the learning for the entire system. 

Each component will have its own cost progress curve, which will be different from 
Equation ( 1.1 ), as we will see later. But all these cost curves are generated in a form- 
invariant way from a few base curves. The fact that using a few base curves permits form 
invariance underlies the LRB concept. In practice, base curves might be identified with 
different types of learning or technology. Form invariance assures that aggregation be 
consistent at all levels of cost breakdown: system, component, subcomponent, and 
so on. 

1. 1. Program Budgets and the LRB 

In a program budget (Figure 1. 1 ), the rows of the budget matrix are line item costs- 
the inputs. The columns are projects or programs to which these costs are allocated. 
Column sums are the costs of programs. The entries in the several cells, however, change 
over time. The role of the LRB is to describe how all those cells, and their various sums, 
evolve with experience. Our model will not consider rate effects and/or "forgetting." 
The single parameter Q will represent the cumulative experience. 

Figure 1.2 is an LRB. The rows here correspond to the components and subcomponents 
of a system, i.e., the cells of the program budget. The columns correspond to the learning 
rates. The numbers in any single column will show cost progress according to the learning 
rate of that column. The numbers in column 1 will thus decrease according to a learning 
curve with learning rate parameter Ll. 

The sum of any row is the initial unit cost of the corresponding subcomponent. The 
number in row i and column j is the dollar amount of subcomponent i that will show 
cost progress according to Learning Rate Parameter Lj. The cost, for example, to make 
the first unit of subcomponent 1 is $200,000. Subcomponent 1 requires several different 
processes and technologies, and each of these has its own rate of learning. Of the initial 
$200,000 unit cost, an amount $50,000 will be learned according to a curve with rate 
LI, $125,000 will be learned according to a curve with rate L2, and so on. The LRB 
matrix thus depicts how much of the cost of each subcomponent will be learned at 
each rate. 

Programs TOTAL 

Lines Research Development Sales 

Wages: Professional 

Engineers 

Admin. 

Materials: Part A 

Part B 

Subcontractor A 

B TOTAL __ _ 

TOTAL__ _ _ _ _ _ _ _ _ _ _ _ _ _ 

FIGURE 1. 1. Program Budget. 
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Rate L1 Rate L2 Rate L3 Total 

Component A 
Subcomponent 1 50,000 125,000 25,000 200,000 
Subcomponent 2 20,000 30,000 10,000 60,000 
Subcomponent 3 10,000 31,000 16,000 57,000 

Total Component A 80,000 186,000 51,000 317,000 
Component B 

Subcomponent 4 10,000 9,000 19,000 
Subcomponent 5 15,000 24,000 39,000 

Total Component B 25,000 24,000 9,000 58,000 
Total: System 105,000 210,000 60,000 375,000 

FIGURE 1.2. Sample Learning Rate Budget. 

If the curves in the basis are exponential, as will be discussed below, the processes 
represented by column j will show cost progress (learning) according to the exponential 
e-L N. The cost to make the Qth unit of subcomponent 2 then is 

20,000e-LIQ + 30,000e-L2Q + IO,OOOe-L3Q. 

This is not the same as Equation ( 1.1 ). 
Once the specific basic curves and weights are given, the cost progress for any subcom- 

ponent is determined. By adding up the curves for the subcomponents, we obtain the 
cost progress of any component, or of the entire system. 

1.2. Theoretical Considerations 

We use the term "component" to denote either a physical component or any process, 
such as assembly, involved in the manufacture of a system. 

The LRB concept embodies three theoretical postulates. 
(A) Budget. The cost of making the system is the sum of the costs of all of its com- 

ponents. Moreover, the cost savings on each component due to learning must add up to 
the cost savings on the entire system. 

(B) Technology. Learning occurs at rates specific to the underlying processes, pro- 
cedures and technologies, and each rate holds constant with experience. 

(C) Afinite basis. Each particular process or step in the manufacture of a system may 
have its own cost reduction (learning) curve. All of these different learning curves, how- 
ever, can be generated from a finite basis of underlying learning curves. 

Although the budget postulate may appear obvious, the traditional CPC ( 1.1 ) does 
not follow it in a form-invariant way. 

1.3. Application 

For a complicated system such as an aircraft, whose manufacture employs a variety 
of advanced technologies (e.g., composites and titanium), the LRB describes the cost 
progress curves for each component of the plane. The specific technologies involved in 
manufacturing a subcomponent will influence which learning rates are important in 
determining that component's learning curve. With a sufficiently clear accounting of 
cost categories, including those often pooled into engineering or administrative overhead, 
the LRB may facilitate generation of cost progress curves for each component or sub- 
component (down to any cost breakdown level desired). Using these curves, slow learning 
can be traced back to a specific row, column or even cell of the overall budget, and 
appropriate management action implemented. In this manner it is hoped that the LRB 
will facilitate planning, budgeting, control, and management. 



318 PAUL B. KANTOR AND WILLARD I. ZANGWILL 

With the present CPC, Equation ( 1. 1), such budget projections and management are 
difficult because component costs do not add up in a form-invariant manner. 

1.4. This Paper 

Section 2 reviews literature on the cost progress curve. Section 3 presents theoretical 
underpinnings of the LRB and an analysis of simulated data. Results of some exploration 
of real data, on pure labor hours are summarized in ?4. Section 5 reviews the postulates 
and ?6 is a concluding summary. 

2. Literature Review and Background 

The cost progress curve (learning curve) was employed in the 1920's to describe the 
efficiency improvement in aircraft production (Crawford 1944, Wright 1936). During 
World War II, it was utilized to predict cost and construction time for aircraft and ships 
(Alchian 1963a, b, Andress 1954, Asher 1956). Since then it has been observed in such 
diverse industries as basic steel, heavy equipment, electrical appliances, and petroleum 
refining (Hirschmann 1964). Dutton and Thomas (1982) review some 300 studies over 
a 50-year span. In the manufacture of new and innovative products, the concern of this 
paper, the progress curve is a basic and standard management tool (Schonberger 1981, 
Schmenner 1981, Graham and Stultz 1979). 

As Dutton and Thomas (1982) (see also Mishina 1987) have stressed, learning due 
to direct labor is often small in comparison with the learning due to the other aspects. 
We use the term "cost progress curve" to subsume cost reduction due to learning or 
experience including overhead, supplied items, organization, procedures, raw materials, 
engineering, etc., as well as direct labor. 

2.1. Limitations of the Cost Progress Curve 

A major limitation of (1.1) concerns the determination of the parameters C0 and k. 
Dutton and Thomas (1982) conclude that the learning rate k needs to be treated as a 
dependent variable and not a fixed parameter. Mishina comments that the curve (1.1) 
is strictly empirical, alluding to "black boxes" behind the curve. The LRB, in contrast, 
lets the learning rate depend upon the processes and technologies used in the manufac- 
turing. 

Another problem concerns making the progress curve ( 1. 1 ) predictive in advance of 
production. Design engineers know each particular component to be made, the manu- 
facturing process to be utilized to make each component, and the technology to be used 
in each component. That information should be useful in predicting the shape of the 
cost progress curve. The progress curve ( .1) does not embody this information, while 
the LRB approach provides a mechanism for its inclusion. 

2.2. Addition "Fallacy" 

Equation (1.1) is not form-invariant under aggregation. Consider a system with three 
production components (e.g., two parts and an assembly process). The cost of the system 
is the total of the three component costs. According to the power law, the system itself 
and the three components should each follow a curve of the form of ( 1. 1). For the 
system, let Cs be the cost of the first unit made, Cs( Q) the cost of the Qth made, and k, 
be its learning index parameter. Likewise for component i, i = 1, 2, 3, let the cost of the 
first unit made be Ci, and Ci( Q) the cost of the Qth, with parameter ki. 

According to the progress curve, the costs are given by 

Cs(Q) = Cs(1)Q-k, (2.1) 

C -(Q) = C-( 1)Q ki, i = 1, 2, 3. (2.2) 
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But unless all three indices k are equal, these are not consistent because 
3 

Cs (Q) 7&ECi(Q). 

In airframe construction there are 8 or more levels of components, subcomponents, 
and subcomponents thereof. Cost estimates should take the same form on all 8 levels. 
The progress curve ( 1.1 ) cannot do this, while the LRB, with any given basis, can. 

2.3. The Psychological Literature 

Just as there is much economic literature, there is a large body of pertinent literature 
in educational psychology. (The review by Dutton and Thomas cites more than 100 
articles in economics, while a key survey by Newell and Rosenbloom ( 1981, NR) cites 
almost 100 psychological articles. See also Argote, Beckman, and Epple, in press.) Very 
few papers were cited in common, however. The almost complete separation of the 
economic and psychological studies, we feel, has contributed to the fact that no unifying 
model of the learning curve has yet been presented. 

Surveying the psychological literature, NR stress the ubiquity of the power law, at least 
for individual learning. In learning theory experiments, the power law fits the data with 
an accuracy almost unheard of in other social sciences or industrial settings. 

Unfortunately it is very difficult to get a clean derivation for the power law that might 
assist in management or in research. NR suggest a "chunking" derivation, which, while 
it might be relevant to psychological learning, does not seem immediately applicable to 
industrial settings. 

We propose that an approach based upon a mixture of exponentials, which NR mention 
but dismiss, may, in fact, be more applicable. The power law of learning may indeed be 
a mixture, that is, the sum of several independent improvements each of which follows 
an exponential law. The NR paper provides some psychological foundation for the mixture 
idea, which the authors had explored for essentially economic reasons. 

Mixing generalizes exponential learning, a form widely recognized in psychological 
learning theory. Exponential learning is a replacement model with incorrect responses 
gradually replaced by correct responses. Although they use a different model, Mazur and 
Hastie (1978) comment, "For more than two decades psychologists have relied on ex- 
ponential equations more than any others. . . . [and] reliance on the exponential equa- 
tion has not declined." 

Mixing is also enticing mathematically because any "nice" function can be expressed 
as the integral of exponentials via a Laplace transform. The power law is "not nice," 
however, since it blows up as Q nears zero. This feature causes NR to reject the mixing 
approach, stating, "It would seem implausible that mixtures of learning components 
would always lead to power laws." A slight change in the axis overcomes the problem 
near zero, however, and our simulation studies show that, contrary to the conjecture by 
Newell and Rosenbloom, mixtures of exponentials may simultaneously represent a range 
of power laws. 

2.4. Theories of the Learning Curve 

A few researchers have attempted to derive the progress curve from more fundamental 
considerations. 

Muth ( 1986 ) argues that each time an item is made, there is a possibility for improve- 
ment. The improvement is adopted only if it yields a lower cost than all prior samples 
from the distribution F of possible improvements. Sahal ( 1979) notes that the equation 
( 1.1) is a Pareto distribution. Sahal ( 1979 ) assumes that the probability of a shift from 
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one level of manpower to the next depends only on the magnitude of the shift and not 
on the level from which the shift occurs, and recovers a Pareto form. Roberts (1983) 
assumes that there are many possible ways to carry out the production process and that 
the efficiency of these ways is normally distributed. If our process already has an efficiency 
X, we adopt new ways only if they exceed X by an amount a sufficient to justify the 
changeover costs. 

Each of these three theories probes possible meanings of the progress curve. But each 
requires information difficult to obtain in an actual production situation. Sahal's method 
requires knowledge of the probability of a shift, Muth's approach requires knowledge of 
the unknown distribution F of possible improvements, and Roberts' model requires the 
distribution of the efficiencies of the possible ways to conduct the production operation. 
The difficulty in obtaining this data makes their practical applicability to manufacturing 
and budgeting appear elusive. 

2.5. Models that Utilize Production Data 

We review two models which determine parameters from actual production data. In 
this sense they are akin to the LRB approach. 

In certain analyses, time is used as a surrogate for cumulative output, Q. Gulledge, 
Womer, and Dorroh ( 1984) elegantly investigate the time variable by considering a firm 
that allocates a general resource, x, to either production or to learning. Using Cobb- 
Douglas functions, they formulate a variational problem to minimize cost, and fit the 
six parameters of the model to labor cost data. 

Levy's model also utilizes parameters obtainable from an actual production situation. 
Instead of Equation (1. 1), Levy adopts an exponential law of learning, 

C(Q) = Coe-(a+uQ). (2.3) 

This exponential law, as will be seen, has an analogy with the LRB. The parameter u 
is the "total rate of learning," assumed to be a weighted sum of several types of learning 
ui; 

u = biui. (2.4) 

Using regression techniques, Levy calculates the weights bi of the factors ui that influence 
learning in a printing plant. In particular, he determines the influence on the learning 
rate of scheduling, make-ready, printing experience, and shift. 

These two models demonstrate that the progress curve can be statistically unravelled 
from production data, and that its shape can be related to underlying technology and 
processes. 

3. Theoretical Development 

3.1. A Continuous Model 

We seek to build up the cost progress curve from the behavior of the underlying 
technological processes. To make a complex product requires a great number of steps or 
tasks. The total cost reduction due to learning on the product is the sum total of the cost 
reductions due to learning that occurs on each step. 

Attributing cost reduction to many small improvements corresponds to the mixture 
concept of learning theory. Learning theory suggests, moreover, that we may reasonably 
assume the cost savings due to learning of each task or step to be exponential. (Some 
forms of learning other than exponential, which are more appropriate when the horizon 
is very long, or when there is a multiplicative constraint for success of the product, as in 
semiconductor manufacture, are considered elsewhere ( Kantor and Zangwill 1989 ) .) To 
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calculate the total learning, we employ an integral, yielding the learning for the entire 
product. 

Each task has its own task learning rate (TLR), L (a larger L meaning faster learning). 
Our point is that cost reduction does not "just occur"; it is due to improvements in 
thousands of small tasks, each of which has some TLR that governs its improvement. 

At least conceptually, one may examine a particular task and identify its TLR (as in 
the work of Levy 1965). Then, by appropriate adding up, one obtains the progress curve 
for the system. It is not necessary to identify the TLR for each of the thousands of tasks, 
however. A very few will suffice, as the Basis postulate suggests and as we 
will show. 

Suppose cost progress (learning) for a particular task, f( LQ), has the exponential 
form suggested by learning theory. For L the task learning rate (TLR), the cost for doing 
the task the Qth time then is 

f(LQ) = e-LQ (3.1) 

Let the proportion of all costs due to tasks that have TLR between L and L + dL be 
g(L). The cost progress for the entire product, therefore, is the integral (summation) of 
each task learning weighted by g(L). Thus, for CO the cost of the first item, the cost to 
produce the Qth item is a Laplace transform 

00 00 

C(Q) = Co ff(LQ)g(L)dL = Co g(L)e-LQdL. (3.2) 

We recover the power law if the cost distribution of the TLRs, g(L), is the gamma 
function. A mild but important singularity occurs for L small, and the gamma provides 
the appropriate modification (for more detail see Kantor and Zangwill 1989). Thus 

g(L) = Lk-le-L (3.3) 
r(k) 

Hence 

C(Q) = ?Fk e- L(Q?l)LkldL (3.4) 

= CO(Q + 1)-k for 0< k. (3.5) 

For any practical application, this is identical to ( 1.1 ), the distinction being only a 
slight axis shift. Note that the learning index k for the curve is precisely the parameter k 
in the gamma distribution. If a generalized gamma distribution is used, 

= k 

g(L) = Lk- le-aL (3.6) F(k)(36 

the axis shift may be changed at will. 
We have derived what is essentially ( 1.1 ) using a very general and widely accepted 

form of learning for each task; and the gamma distribution, a quite general single pa- 
rameter distribution on the nonnegative real line. It is of interest that ( 1.1 ) can be 
obtained from such basic assumptions. 

3.2. Finite Model 

The derivation above provides a conceptual foundation for the power law, but it is 
impossible in practice to determine TLRs for each of thousands of tasks. That issue is 
easily resolved by transforming the model into a finite one. 
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Consider n points 0 < /0 < 11 < . . . < In and define 

C0 f eL(Q+l)Lk-ldL (3.7) 

r0(k)0 

co 
p eL(Q+l)Lk-dL i= 1 n, (3.8) 

In+1 = F) f e-L(Ql)LkldL. (3.9) 

Then, from (3.4), 
n+l 

C(Q) = L Ii. (3.10) 
f i=0 

Observe that for any c we can find lo so that 

'1 = rk eL(Q+?)Lk-dL ( co k-'dL(3.11) 

Co (1 )k (3.12) 
r(k) k 

for lo close to zero. Also, for r,1 > 1 and any c we have 

In+ F r(k) J e-L(Q+l )Lk-I dL r c J Lkl dL (3.13) 

F(k) T e-LdL?< r(k) e1 < e (3.14) 

for 1h, sufficiently large. 
Lastly, we apply the Mean Value Theorem to each integral. 

co f eL(Q+?)Lk- dL (3.15) 

Fi (k) eJ_ 
(-5 

r(k) (li - Iil)Lkle ie , (3.16) 

where li-i ? Li ? Ii. 
Although Li = Li(k, Q), and could be expanded in a Taylor series approximation, 

our empirical evidence suggests that Li is well approximated by a constant. Thus defining 
the constant ai by 

"i = Li-le -Li (3.17) 
F(k) 

we have 

Ii~ Coaie -LiQ. (3.18) 

Equation ( 3. 10) thus becomes 
n 

C(Q) Co L aieLiQ. (3.19) 
i=l 
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This approximates the learning curve in a finite sum so that each single learning rate 
Li represents a range of tasks and rates. Increasing the number of terms makes the ap- 
proximation as accurate as desired. Quite surprisingly, as the data below show, only two 
terms may be needed. 

3.3. Relation to Underlying Technologies 

The finite model permits us to utilize the Technology postulate to relate learning to 
underlying technologies. Although many basic technologies and processes are used, the 
manufacture of any specific component will utilize relatively few of these processes and 
technologies. For instance, to make a component might require a certain amount of 
ceramic technology, a certain amount of titanium fabrication, and a certain amount of 
advanced plastics formation. It may also happen that there are several "mature" tech- 
nologies with comparable and slow learning rates. 

When these basic technologies and processes are well known, it should be possible in 
principle to learn their TLRs (a' la Levy 1965). In particular, for simplicity, assume that 
technology j is learned via an exponential with parameter Lj. The learning for technology 
j thus becornes 

fj(LjQ) = e-LjQ. (3.20) 

Let Aij be the proportion of the cost of the first unit of component i, due to technology 
or process j. Then the cost progress for component i, where Ci is the cost to make the 
first unit of component i, is 

Ci(t) = Ci z Aije-LjQ. (3.21) 

This relates Ci( Q), the cost of making the Qth component i, directly to the learning of 
the underlying technologies and processes. 

The cost progress for the entire product is the sum of the cost over all the components. 

C(Q) = L C1 L Aje-L/Q = L eLQ fL { CiAj1 (3.22) 

Equation (3.22) is basis of the LRB. The Lj is the rate at which technology or process 
j is learned. It can be measured by studying a range of processes using that technology. 
The Aij is the proportion of the cost of the first unit of component i due to technology 
j. This proportion is known to the engineers. The data necessary to implement (3.22) 
is, therefore, available in principle. Equation (3.22) then generates the cost progress 
curves for the system and for any component or subcomponent. Note that E IL I AijCi is 
the proportion due to technology j in the cost of the first unit. 

3.4. Component Addition Verified 

For the traditional curve ( 1.1 ), the modeled costs of the components do not add up 
to the modeled cost of the product. For the LRB (3.22), they do add up properly. For 
example, with two underlying technologies or processes and three components, let LI 
and L2 be the TLRs for the two technologies. The costs for the 3 components are 

Ci(Q) = Ci(Aile LQ + Ai2e L2Q), i = 1, 2, 3. (3.23) 

The cost for the entire system is then 

C(Q) = (CIA,, + C2A21 + C3A3I)e L,Q + (CIA12 + C2A22 + C3A32)e-L2Q. (3.24) 

But L 13= A1jC, iS the proportion due to technology j in the cost of the first unit. This 
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TABLE 3.5.1 

Using Two Exponentials with Fixed Basis to Fit Simulated Power Law Data. 
Length of Ruin 120 

k C(O) g(k, Slow) g(k, Fast) R-sqd 

0.05 20,000 18,461 371 57.6% 
0.10 20,000 15,017 4,385 97.8% 
0.15 20,000 12,213 7,402 98.8% 
0.20 20,000 9,929 9,634 97.6% 
0.25 20,000 8,066 11,249 96.6% 
0.30 20,000 6,547 12,382 95.9% 
0.35 20,000 5,307 13,139 95.4% 
0.40 20,000 4,294 13,607 94.9% 
0.45 20,000 3,466 13,851 94.3% 
0.50 20,000 2,789 13,926 93.5% 

The two exponential terms have an interpretation as a fast learning rate with a 
mean learning period of 8.55 copies of the plane and a slow rate, with mean learning 
comparable to 52.6 copies of the plane. 

L-slow L-fast Mean-R 2 

L value 0.001898 0.116991 95.1% 
T= IIL 52.6 8.55 

addition is clearly consistent to any level of component, subcomponent, subsubcom- 
ponent, and we have verified the budget postulate. 

3.5. Two Terms Suffice! 

As terms are added to the finite model the approximation will become increasingly 
accurate. To explore how many terms are likely to be needed in practice, we fit the finite 
model with only two terms, Equation (3.26), to the power law (3.25). To simulate a 
typical production situation, the parameter range is k = 0.05 to 0.4 with the length of 
the production run being 120. For each series, 

C(Q) = 20,(OOQ (3.25) 

As k varies, we seek a fit of the form 

Ck(Q) = g(k, fast)e&LfastQ + g(k, slow)e-LsOwQ. (3.26) 

We require that Lfast and LSIOW be the same for all of the series. They are determined 
by fitting all the series simultaneously. We define R2 by comparing the total squared 
residuals of each series to the variance of that series. 

As Table 3.5.1 shows, the R2 values are very high, typically over 0.95, and two ex- 

ponentials approximate a power law very well. (NR have a similar result with 40 terms.) 

The next section shows that two exponentials also approximate the reduction of actual 

labor costs as well as a power law does. Two terms may thus be sufficient for many 

production situations. Indeed, this raises a question for further research: "Has the learning 

curve been misinterpreted as a power law when it is in fact the sum of 2 (or perhaps a 

very few) exponentials?" This question may be addressed either by extending simulation 

analyses of the type summarized in this section or, more significantly, by extending 

analyses of the type described below. 

4. Review of Empirical Investigations 

Although our presentation has been theoretical up to this point, we were led to formulate 

the LRB through empirical studies which we summarize briefly here. The reader is 
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reminded that these results, having shaped the hypotheses of the LRB, cannot be regarded 
as independent confirmation of those hypotheses. 

With support from IDA, we have analyzed series of proprietary data on fabrication 
and assembly of several components of two aircraft manufactured in the same plant, 
with the second series occurring "about a decade and a half later" than the first. The 
data are direct labor hours to construct 189 copies of airframe A and 112 of airframe B. 
These costs are broken down by component such as forward fuselage, center fuselage, 
aft fuselage, wing, empennage, landing gear, and so on. 

Several aspects of cost progress models were explored, including (a) Wrhich Functional 
Form is Superior? The power law, Equation ( 1.1), or the exponential, suggested by 
learning theory. (b) What is the Correct Number of Terms? Equation ( 1.1 ) uses one term 
while the finite model of (3.22) uses several terms. (c) Should the Learning Rates be 
Component Dependent or Form a Fixed Basis? In models I and II below, the learning 
rates change for each component. In models III and IV there are two basic rates, which 
are the same for all components. 

Let J label the component and/or process combinations. 
I. The 1- Power-Component Model 

Cj(Q) = a(J)Q-b(J). (4.1) 

II. The 1-Exponential-Component Model 

Cj(Q) = a(J)e-b(J)Q (4.2) 

III. The 2-Power-Basis Model 

CJ(Q) = a(J)Q-b + c(J)Q-d. (4.3) 

IV. The 2-Exponential-Basis Model 

Cj(Q) = a(J)e-bQ + c(J)e dQ (4.4) 

In models I and II, both a and the TLR b are reestimated for each component. In 
models III and IV, the weights a and c are reestimated for each component while the 
rates b and d are fixed. The analysis for models I and II may be done for any subset of 
the components separately. To apply models III or IV we must examine all of the data 
series simultaneously. For N components in the airframe, the first two have 2N parameters; 
the others 2N + 2. The value of N is 18 for airframe A and 72 for airframe B. 

4.2. Parameter Estimation 

Details of parameter estimation are described in Kantor and Zangwill (1989). The 
data were presented in the form of block averages for several planes produced in sequence. 
The modeling goal was prediction of the block totals. The sum to minimize is 

12 M= , tD(Block B)- ,: C(Q)} (4.5) 
Blocks B L QEEB 

For models I and lI the sum is over the component only. For models III and IV the sum 
is over all components. The scale is fixed by 

2 

M= min D(Block) - 31 , (4.6) 
Blocks J' QE B 

so that R2 = 1 - M/Mo is the fraction of variance explained by the model. 
We ensured that the coefficients be positive by embedding Lemke's quadratic opti- 

mization procedure in a GRG2 algorithm. The results are detailed in Levine (1987), 
where the interested reader will find enumerations of the specific components and 
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processes, and the corresponding learning indices or weights, together with R-squared 
measures for the several subseries. 

4.3. Model Results 

The overall weighted values of R2 for the four models are summarized in Table 4.3.3. 
Although the exponential does poorly as a one-term (component) model (model II), 

it does well in the two-term Basis model (model IV), where the same two exponential 
parameters are used for every component. This suggests that learning curves may well 
be the sum of a finite number of exponentials, and that the finite number could be as 
small as two. After obtaining this encouraging result, we conducted the simulation of 
?3.4. The fact that two exponentials fit the data quite well may be not an artifact of the 
data, but a general statement. 

The two exponential terms have an interpretation as a fast learning rate with a mean 
learning period of about 5-10 copies of the plane, and a slow rate with mean learning 
comparable to the length of the production run. Most of the cost of the production is 
due to the term with slow learning rate, as the costs associated with the fast rate drop 
quickly. 

4.4. The Influence ofAge of Technologies 

The LRB lets the task learning rates, TLRs, (b, d), which are held constant for a given 
system, depend on technology or process. Levine, Balut and Harmon confirm this de- 
pendence. They report that the TLRs for aircraft A are fairly consistent across the type 
of process (fabrication or assembly) but show some dependence on the component. 
(Their analysis is in terms of model I.) They suggest that for aircraft B use of titanium 
(at the time, "new") may have contributed to fast (53%) cost progress in the aft fuselage 
assembly. From the fact that both airframes were produced at the same facility, they 
argue that if there were no significant difference between the manufacturing technologies 
used to produce the two airframes, one would expect airframe B to have slower cost 
progress. But some new technologies were introduced to manufacture B. LBH conclude 
that when later data show faster learning, it is consistent with the newness of the technology 
utilized in B. These results associate fast learning with new technology and slow learning 
with older technology. 

4.5. Forecasting and Projection 

Models may be used for description, management, and projection. A purely descriptive 
model may be applied, after the fact, to demonstrate that a compact set of principles 
well describes what has already occurred. The results in Table 4.3.3 show that the LRB 
concept, with either the exponential choice of basis or the power law choice, is able to 
do this, for some 89 data series, as well as the customary power law model does. The 
calculations summarized in Table 3.5.1 provide a possible explanation independent of 
any foundation in psychology. They show that, for fixed run length, a family of power 
laws can be reexpressed as various mixtures of exponentials. 

TABLE 4.3.3 

R-sqd Measulres of the Effectiveness of the Foutr Models, for Two Aircraft 

Model Airframe A Airframe B 

I. 1-Power Component 86% 91% 
II. 1-Exponential Component 71% 64% 

III. 2-Power Basis 83% 90% 
IV. 2-Exponential Basis 89% 87% 
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A model may facilitate good management. The LRB could play such a role when it 
makes the incidence of slow learning relatively transparent, through large (current) values 
of gl, the coefficient of slow learning. Since this is the sum over all components, man- 
agement can trace slow learning, as reflected at the system level, back to specific processes 
and make necessary corrections. 

As to projection, there are (at least) two senses in which we might model the future. 
The larger sense is to project the cost profile (over time or quantity) of a new system, 
based on prior experience. Today this is customarily done by identifying similar com- 
ponents or processes from prior experience, using regression models to estimate the cost 
of the first unit, and carrying over the learning rate index k from prior experience. The 
LRB might improve projection by elucidating dependence of the weights on technology, 
and, as Levine, Balut and Harmon (1987) suggest, on the newness of technology. High 
technology manufacturing frequently involves materials and/or processes for which there 
is no prior experience, where the very novelty of the technology may be the key deter- 
minant of its learning rate. Cost analysts might incorporate this into the LRB by weighting 
heavily on a high TLR that reflects the fast learning expected of the new technology. 

A second way one may model the future is to project the latter portions of individual 
time series from the earlier portions. In this arena the LRB with an exponential base 
can be compared with the usual power law model. As we have noted, one of the time 
constants, 1 /L2, appears to be of the order of run length. This augurs poorly for a naive 
forecast, since the slow learning rate for a half-series is likely to reflect the shortness of 
that series. This is borne out by the results in Table 4.5.1. For each frame, the model 
was fit to that number of blocks containing approximately half the units. Due to irregular 
blocks in the data reports, this represented more than half of the blocks. 

The results of this table confirm that the two-exponential model does not well predict 
the late portions of a series from the first half. Measuring the total squared deviation of 
the second half of the series, the power law model "beats" the two-exponential model 
more than twice as often as it "loses out." It does even better when the measure is 
proximity to the last value. And the prediction of the power law was above (high) or 
below the true value about half the time, while the prediction of the exponential model 
was overwhelmingly below the value at the end of the series. 

Additional research on the use of the LRB for series forecasting would illuminate these 
issues. Among the factors that must be considered are (a) Artifactuality. The data studied 

TABLE 4.5.1 

Forecasting Within a Cost Series 

Frame A Frame B 

Number of series 18 71 
Blocks in series 86 12 
Forecast Basis Blocks 1-56 1-9 
Which model is better? Measured by 

sum of squares 
Power law better 12 49 
exp-LRB better 6 22 

Measured by proximity to last value 
Power law better 14 47 
exp-LRB better 4 24 

Nature of the forecast of the last value: 
Power law high 9 38 
Power law low 9 33 
exp-LRB high 0 11 
exp-LRB low 18 60 
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here were produced inyplants adhering to the power law model in bidding and cost 
estimation. Managers may have been tempted to produce power law results, in order to 
validate their projections. (b) Cost at long times. In contrast to both the exponential and 
power law models, real costs do not fall to zero. The addition of a simple constant term 
would cover any observed deficiency. (c) Varying degrees offreedom. Using two terms 
keeps the number of degrees of freedom nearly constant from model to model. In reality, 
three or more terms may be required. (d) Run length dependence (RLD). If a basis 
model is to fit several different run lengths, then the learning times may, to lowest order, 
scale as the run length. This would explain the failure seen in Table 4.5.1. More work is 
needed to see whether inclusion of RLD will clear up the forecasting problem. (e) Other 
bases. Although the exponential basis has links to error correction models of learning, 
if the data do not support it, perhaps a power law basis (model III) should be considered. 

4.6. Summary of Empirical Results 

The performance of the exponential-based LRB on some 90 series of labor hours data 
for two airframes is quite comparable to that of the power law for full series description 
when the series are considered in their totality. The LRB model with an exponential 
basis is worse, however, at predicting the second half of the series from the first half. 

5. Summary 

Beginning from a theoretical foundation, we have developed a class of models which 
claim applicability to real manufacturing data. The usual approach, following Equation 
( 1.1 ), generates a set of unrelated learning indices k. In the LRB, a finite set of fixed 
learning rates is used to describe all of the series together. We presume that it is important 
that these parallel series are constituent costs of a single product. What varies from series 
to series is the initial unit cost, and the relative weight of the various learning rates for 
that series. In a descriptive (retrospective) setting, this new approach fares about as well 
as the usual. An intriguing point for further research is to ask whether the model can be 
universalized, and applied to series originating with different products, different plants, 
or even different industries. 

When costs are to be projected for a new system, particularly one involving a substantial 
amount of new technology, we must further study the relation between the weights in 
the Learning Rate Model and the degree to which specific technologies are used. We are 
encouraged by the results of LBH, who seem to find some systematic relations between 
learning indices and the newness of technology. In practice, to apply the LRB to a new 
system one might use one TLR for new technology and another TLR for old technology. 
Engineers would then specify the weight coefficients, g, and g2, as the fraction of cost 
attributable to processes with new or old technology. This would be done for each com- 
ponent, and then by summing (recall that the basis model supports adding up), one 
would obtain a forecast of the cost progress for the new system. 

5.1. A Final Look at the LRB Postulates 

For the Budget Postulate to hold, the learning curve must be form-invariant at every 
level of disaggregation. The weight coefficients (multiplied by the first unit cost) will then 
sum from one level of aggregation to another. 

The finite Basis postulate was arrived at theoretically using the Mean Value theorem. 
In that context it is thought of as an approximation to the familiar power law form. But 
simulation, and a modest amount of data, suggest that using only two terms may be 
sufficient. 

The Technology postulate states that the learning rates depend upon the underlying 
technologies, as do the weights of those rates in specific components and processes. The 
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empirical work reported by Levine, Balut and Harmon ( 1987) supports this, and further 
suggests that the relative weight of terms may depend upon the newness or oldness of 
the technology. 

The exponential mixture concept of learning theory was also verified in that the 2- 
exponential model fits that data as well as any other model. It should be noted that the 
2-power law model held well also, and should not be dismissed. The exponential, however, 
is more attractive theoretically. 

The LRB is thus consistent with both the currently accepted theory and with the data 
that we have been able to analyze to this point. 

6. Conclusions 

The cost progress curve, in its Power Law form, occupies a dominant position when 
learning must be estimated and/or projected for complex products and systems. It is 
canonized in the Federal Acquisition Regulations and is, in consequence, applied to 
billions of dollars of systems annually. Under the Learning Rate Budget concept, cost 
progress, across many component processes, is seen as the sum of a small number of 
basic cost curves, with different relative weights. This alternative view reflects the un- 
derlying additivity of costs, and describes observed data as well as the Power Law form. 
We have also found, by simulation study, that such an equivalency can be expected to 
hold for typical ranges of the learning index. These observations form a foundation for 
raising several important questions. 

First, is the learning curve in fact a sum of exponentials or logistic type curves, mas- 
querading as a power law? If so, the use of the power law could lead to a dangerous 
complacency about cost improvement in older products and processes. 

Second, efforts to relate the current learning index (k) to the technologies have been 
unsuccessful. Is the problem that linear regression cannot be successfully applied to link 
the exponent to those data? The LRB provides weight parameters, which are of the 
correct type to enter into accounting aggregations, and which are therefore better can- 
didates to be explained by the technologies. Thus, by specifying a means to relate the 
underlying technology to learning, the LRB provides a potential to forecast and manage 
learning, a way that previously did not exist. This suggests a way to link the technological 
learning process, and the practical phenomenology of cost analysis and management. 
More research is needed, however, on data from a variety of industries and for a variety 
of types of cost, to establish whether this link can be revealed and understood. A key 
problem for further clarification of the LRB principles and determination of its validity 
is the accumulation of comparable series of component costs for a variety of products 
and manufacturing processes. It is particularly important to find data seiies for which 
the Power Law form has not been implicitly imposed by contractual strictures.' 

' Our study of airframe labor cost data was supported in part by a contract by the Institute for Defense 
Analysis. Conversations with Dr. Stephen Balut, Dr. Daniel Levine and Bruce Harmon were helpful and stim- 
ulating. The data analysis reported by Levine, Balut and Harmon, as well as the simulation results reported 
here, were carried out by Dr. Jung Jin Lee and Mr. Moula Cherikh, with the assistance of Mr. H. Altay Guvenir, 
at Tantalus, Inc. We are also deeply indebted to anonymous referees for detailed and very thorough comments, 
which, among other things, stimulated the discussion and analysis of ?4.5, and to the editor. 

Research was supported in part by National Science Foundation grant SES-8821096. 

References 

ABERNATHY, W. J. AND K. WAYNE, "Limits of the Learning Curve," Harvard Butsiness Rev., 52, 5 (September- 
October 1974), 109-19. 

ALCHIAN, A., "Costs and Outputs," in M. Abramovitz (Ed.), The Allocation of Economic Resoulrces: Essays 
in Honor of B. F. Haley, Stanford University Press, Stanford, California, 1963a, 23-40. 
, "Reliability of Progress Curves in Airframe Production," Econornetrica, 31 (1963b), 679-93. 



330 PAUL B. KANTOR AND WILLARD I. ZANGWILL 

ANDRESS, F. J., "The Learning Curve as a Production Tool," Harvard Business Rev., 32 (January-February, 
1954), 87-97. 

ARGOTE, LINDA, SARA BECKMAN AND DENNIS EPPLE, "The Persistence and Transfer of Learning in Industrial 
Settings," Management Science, in press. 
AND DENNIS EPPLE, "Learning Curves in Manufacturing," Science, 247 (February 1990), 920-924. 

ASHER, H., "Cost-quantity Relationships in the Airframe Industry," Report 29, RAND Corporation, Santa 
Monica, CA, 1956. 

BALOFF, N., "Startups in Machine-Intensive Production Systems," J. Indulstrial Engineering, 17 (1966), 25- 
32. 

"Extension of the Learning Curve: Some Empirical Results," Oper. Res. Quart., 22 (1971), 329-40. 
BRIGHT, J. R. "Automation and Management," Graduate School of Business Administration, Harvard University, 

1958. 
CONWAY, R. AND A. SCHULTZ, JR., "The Manufacturing Progress Function," J. Indlustrial Engineering, 10 

(1959), 39-53. 
COOPER, W. W. AND A. CHARNES, "Silhouette Functions of Short-Run Cost Behavior," Quart. J. Econiom0iics, 

68 (February 1954), 131-56. 
CRAWFORD, J. R., "Learning Curve, Ship Curve, Ratios, Related Data," Lockheed Aircraft Corporation, 1944. 
DORROH, JAMES R., THOMAS R. GULLEDGE, JR. AND NORMAN KEITH WOMER, "A Generalization of the 

Learning Curve," European J. Oper. Res., 26, 2 (August, 1986), 205-16. 
"Learning and Costs in a Multiple Constant Elasticity of Substitution Framework," TIMS/ORSA 

Joint National Meeting, Washington, D.C., April 25-27, 1988. 
DUTTON, JOHN M. AND ANNIE THOMAS, "Progress Functions and Production Dynamics," Graduate School 

of Business Administration Report, New York University, May, 1982. 
1 ~~ AND JOHN E. BUTLER, "The History of Progress Functions as a Managerial Technology," 
Business Histoty Rev., 58, 2 (Summer, 1984), 204-33. 

FELLER, W., "On the Logistic Law of Growth and Its Empirical Verifications in Biology," Acta Biotheoret., 5 
(1940), 51-66. 
, "Specific Interpretations of Learning by Doing," J. Economic Theory, 1 ( 1969), 119-40. 

GARG, A. A. AND P. MILLIMAN, "The Aircraft Progress Curve Modified for Design Changes," J. Ind2ustrial 
Engineering, 12 (1961), 23-27. 

GRAHAM, GEORGE M., JR. AND RUSSELL A. STULTZ, Semiconductor PCC Management, Texas Instruments, 
Inc., 1979. 

GULLEDGE, THOMAS R., JR. AND BEHROKH KHOSHNEVIS, "Production Rate., Learning, and Program Costs: 
Survey and Bibliography," Engineering Costs and Produiction Economics, 11 ( 1987), 223-36. 
AND NORMAN K. WOMER, "Learning and Production Costs: An Application of a Cost Prediction Model 

to a Fighter Airframe Program," J. Amer. Inst. Decision Sciences, 16, 1 (Winter, 1985), 389-400. 
1 ~~ AND JAMES R. DORROH, "Learning and Costs in Airframe Production: A Multiple Output 
Production Function Approach," Naval Res. Logist. Quart., 31 (1984), 67-85. 

HIRSCHMANN, W. B., "Profit from the Learning Curve," Harvard Blsiness Rev., 42 (January-February, 1964), 
125-139. 

KANTOR, PAUL B. AND WILLARD I. ZANGWILL, "The Learning Rate Budget," Tantalus Inc. technical report 
TANTALUS / CT-88 / 3. 1989. 

LEVINE, DANIEL B., STEPHEN J. BALUT AND BRUCE R. HARMON, "Technology and Cost Progress," J. Cost 
Analysis (to appear). See also IDA Paper #P-2047, September, 1987. 

LEVY, FERDINAND K., "Adaptation in the Production Process," Management Sci., II, 6 (April, 1965), B 136- 
B154. 

MAZUR, JAMES E. AND REID HASTIE, "Learning as Accumulations: A Reexamination of the Learning Curve," 
Psychological Bulletin, 85, 6 ( 1978), 1256-74. 

MISHINA, KAZUHIRO, "Behind the Flying Fortress Learning Curve," Harvard Business School, May 1987. 
MUTH, JOHN F., "Search Theory and the Manufacturing Progress Function," Management Sci., 32, 8 (August, 

1986), 948-962. 
NEWELL, ALLEN AND PAUL S. ROSENBLOOM, "Mechanisms of Skill Acquisition and the Law of Practice," in 

J. R. Anderson (Ed.), Cognitive Skills and Thleir Acquisition, Erlbaum, Hillsdale, N.J., 1981, 1-55. 
ROBERTS, PETER, "A Theory of the Learning Process," J. Oper. Res. Soc., 34 (1983), 71-79. 
SAHAL, DEVENDRA, "A Theory of Progress Functions," AIIE Tratns., 11 (1979), 23-29. 
SCHMENNER, ROGER W., Production / Operations Managemnent: Concepts and Situiations, Science Research 

Associates, Inc., 1981. 
SCHONBERGER, RICHARD J., Operations Management: Planning and Control of Operationis and Operating 

Resources, Business Publications, Inc., Plano, TX, 1981. 
WRIGHT, T. P., "Factors Affecting the Cost of Airplanes," J. Aeronauitical Sciences, 3 (1936), 122-28. 
YELLE, LOUIS E., "The Learning Curve: Historical Review and Comprehensive Survey," Decision Sci., 10 

( 1979 ), 302-28. 


	Cover Page
	Article Contents
	p. 315
	p. 316
	p. 317
	p. 318
	p. 319
	p. 320
	p. 321
	p. 322
	p. 323
	p. 324
	p. 325
	p. 326
	p. 327
	p. 328
	p. 329
	p. 330

	Issue Table of Contents
	Management Science, Vol. 37, No. 3, Mar., 1991
	Front Matter
	Storing Crossmatched Blood: A Perishable Inventory Model with Prior Allocation [pp.  251 - 266]
	Behind the Learning Curve: A Sketch of the Learning Process [pp.  267 - 281]
	Approximations for Networks of Queues with Overtime [pp.  282 - 300]
	On the Independence of Irrelevant Assets: McEntire's Conjecture [pp.  301 - 306]
	The Pointwise Stationary Approximation for M$_t$/M$_t$/s Queues is Asymptotically Correct As the Rates Increase [pp.  307 - 314]
	Theoretical Foundation for a Learning Rate Budget [pp.  315 - 330]
	A Balance Model for Evaluating Firms for Acquisition [pp.  331 - 349]
	The Allocation of Consumer Incentives to Meet Simultaneous Sales Quotas: An Application to U.S. Army Recruiting [pp.  350 - 367]
	The Impact of Special Requirements on the Estimation of Electrical Demand [pp.  368 - 373]
	Back Matter [pp.  374 - 376]



